As the second part of a three-part joint research, direct numerical simulations have been performed to study the three-dimensional wake dynamics of finite NACA0015 wings at a chordbased Reynolds number of 400. With the imposition of the symmetry boundary condition on the root plane, we identify three major behaviors of vortical structures, namely, the tip vortex at the free end, spanwise shedding vortices near the root, and the interaction vortices in between. The tip vortex is persistent among all the investigated cases. Its intensity is largely affected by the angle of attack and less affected by the aspect ratio. The spanwise periodic shedding is revealed for AR = 4. Further increasing AR to 6 brings out the vortex dislocation in the spanwise shedding region. Spectral analysis to the wake velocity unveils two frequencies in the event of vortex dislocation. This leads to the beating phenomenon in the lift coefficient. Taking the form of vortex cores with mixed streamwise/crossflow vorticity, the interaction vortices are sandwiched between the tip vortex and the spanwise shedding region, and shed periodically with the same frequency as the spanwise vortices. Aerodynamic forces are also evaluated based on the available data. Compared with the 2-D cases, the tip effects not only reduce the force coefficients, but also cause a loss in the aerodynamic performance of the wings.
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I. Introduction
Flow separation is an important topic of research owing to its significance in various engineering applications. Particularly, in the field of aerospace engineering, separated flow over airfoil is usually associated with detrimental effects such as reduced lift, increased drag, and large force fluctuations, thus degrading the aerodynamic performance of the aircraft [1] . Since the early days of the last century, intensive efforts have been dedicated to investigate this problem and various strategies have been devised for the flow control [2] . Recently, riding on the crest of the booming computing power, the Computational Fluid Dynamics (CFD) has greatly aided the understanding of the flow separation problems [3] [4] [5] [6] .
A large majority of the existing literature on flow separation of airfoils have been conducted based on the premise that the flow in the spanwise direction is negligible, allowing the employment of the sectional models with short spanwise length [6, 7] . This treatment greatly simplifies the complexity of the problem and is particularly favored by the CFD practitioners. One step further, by assuming spanwise homogeneity, as is often the case for wings with large aspect ratio, the so-called "2.5-D" problem has also received considerable attention from the perspective of bi-global as well as Floquet stability analysis [8] [9] [10] . Such exercises aim at the three dimensionality in the nominally 2-D geometry, and are expected to guide the design of the 3-D flow control methods [11, 12] . Similar configuration has also been experimentally and numerically studied to search for the genesis of the stall cells [13] . These researches have offered great implications to the flow separation phenomenon on nominally 2-D airfoils and inspired a variety of separation control approaches.
Relatively less efforts have been dedicated to the real "3-D" problem, where the wing must end at certain spanwise extent, and the effect of the free tip on the flow separation needs to be taken into consideration [14, 15] . Such a configuration is of particular relevance to the MAVs (micro aerial vehicles) featuring wings with low to moderate aspect ratios [16] . Conventionally, the lifting line theory [7] has been used for the prediction of lift forces on finite unswept wings. However, this theory could not be extended to unsteady viscous flow around low aspect ratio wings. A number of experimental studies on the low aspect ratio wings have also been carried out, with the focus on the aerodynamic loads [17] [18] [19] . However, the detailed flow dynamics was not discussed. A few works have looked at the 3-D separated flow characteristics of the finite wings [3, 4, 20] . It has been revealed that the tip vortices interact with the shedding vortices, rendering the 3-D flow significantly different from the 2-D ones. The characteristics of tip vortex by itself has also received considerable attention [14, 21] .
Notwithstanding the above achievements, deep insights into the 3-D flow around finite wings are still limited, which leads us to embark upon this joint experimental-numerical-theoretical study. The current paper mainly deals with the wake dynamics of finite wings at low Reynolds number by the means of direct numerical simulations. The experimental and theoretical aspects of this project are presented in the two companion papers [22, 23] . The remainder of the paper is organized as follows. In section II, a detailed description of the problem and the research approach is presented, followed by a validation study in section III. Section IV presents the results from the current work. Conclusions are offered in section V.
II. Problem setup

A. Problem description
The incompressible flow around a finite wing with NACA0015 cross section is numerically examined. The problem setup is illustrated in Fig. 1 . The chord-based Reynolds number Re ≡ U ∞ L c /ν is fixed at 400, which is high enough to trigger the wake stability and low enough to allow for systematic parametric studies. The leading edge of the airfoil coincides with the origin O of the Cartesian coordinate system. Angle of attack α is defined as the angle between the chord line and the x direction. The wing extends AR · L c into the z direction, where AR denotes the aspect ratio, and ends with a flat cut. In the present work, the wake dynamics is examined for three aspect ratios, AR = 2, 4 and 6, each with angle of attack α from 12 • to 22 • , with an interval of 2 • . 
B. Simulation approach
An incompressible flow solver, Cliff (CharLES package), developed by Cascade Technologies [24, 25] , is used for the numerical simulation of the flow. The solver employs a finite-volume discretization and is second-order accurate both in space and time. A schematic view of the computational domain is presented in Fig. 1 . The x − y plane is discretized as a C grid comprised of a semi-circular arc with a radius of 15 chords and a rectangular domain 25 chords downstream. The cross flow (y) direction spans over the interval y ∈ [−15, 15], while the spanwise (z) direction extends over z ∈ [0, 16]. Such configuration results in a maximum blockage ratio of 0.468% (for the case of AR = 6 and α = 22 • ). The inlet and farfield boundary conditions are prescribed with (U ∞ , V ∞ , W ∞ ) = (1, 0, 0). The convective boundary condition is prescribed at the outlet. The surface of the airfoil is treated as a no-slip wall. The symmetry boundary condition is used for the root plane (x-y plane at z = 0). Unless otherwise stated, the length quantities are all nondimensionlized by the chord length L C , velocity by U ∞ , time by L C /U ∞ and frequency by U ∞ /L C .
In order to carry out the computations efficiently and accurately, efforts are made to refine the spatial grids in the vicinity of the wing and its direct wake, so that the refined region supports the major vortical structures, as visualized in Fig. 1 . The adequacy of the mesh resolution is verified through a mesh dependency test presented in the next section. 
III. Validation
Prior to performing 3-D computations, we have conducted extensive grid resolution studies on the flow around 2-D airfoil sections to ensure that sufficient grid is allocated on the x-y plane. The results of the 2-D mesh dependency test have been validated against our previously published work [26] , and will not be presented here for the sake of brevity. The planar mesh resolution decided from the above 2-D simulations are then translated in the z direction to build up the 3-D model. Owing to the spanwise inhomogeneity, the grid quality in the axial direction becomes crucial for capturing the 3-D flows correctly. Shown in Fig. 2 are the C L time histories of three different spanwise grids N z for the case of AR = 6 and α = 22 • . One could observe that the two curves for N z = 120 and 150 are indistinguishable, while decreasing N z to 100 leads to noticeable difference in the time history. In view of the above observation, the spanwise grid points are set to be N z ≈ 20AR for all cases.
We further compare the results with the experiments and an spectral solver, nektar++ [27, 28] . The detailed experimental and numerical setup are described in part I [22] and III [23] of our companion papers. The comparison of the time-averaged streamwise velocity between the experiment and the current CFD results is shown in Fig. 3 . As the streamwise direction extends farther into the wake, our CFD results capture the diluted reversed flow as well as the dispersed tip vortex qualitatively, despite the small difference in the Reynolds number. The vortical structures calcuated by Nektar++ and Cliff are compared in Fig. 4 . Almost perfect match between the two flow fields could be observed. Based on the discussions presented in this section, it could be concluded that the current numerical setup is of high fidelity. We then proceed to present the main results of this paper.
IV. Results
A. Effects of AR and α on vortical structures
The effect of aspect ratio on the 3-D vortical structures is depicted in figure 5 . Only α = 22 • is chosen here to illustrate a representative 3-D flow. A common feature observed among all cases is the existence of the strong tip vortex. The vortical structures in the region away from the wing tip differ greatly between cases. For AR = 2, the newly shed vortices are aligned with the spanwise direction. However, as they convect downstream, they gradually morph into the streamwise and cross-flow vortices and form a zig-zag pattern. Since we have used the symmetry boundary condition for the root plane, one could realize that such vortices resemble the counterpart of the paired hairpin vortices that has been described in flow around finite plates [3] . In this work, we will refer to these vortices as the interaction vortices. When it comes to AR = 4, the tip vortex grows longer, and the interaction shedding vortices lingers. The spanwise vortex street could also be observed near the root boundary. The vortex cores in this region are generally aligned slantwise with respect to the z axis, except in the close vicinity of the root boundary where the vortex tubes has to be bent straight to respect the symmetry boundary condition. As for the case of AR = 6, the increased spanwise extent allows room for the vortex dislocation to occur in the spanwise shedding region. In view of the above, it could be concluded that each increase in AR adds new features in the wake dynamics without altering much the flow structures that are already there at smaller ARs. Fig. 6 presents the influence of angle of attack on the vortical structures at AR = 6. At α = 12 • , only a short tip vortex could be observed and the vortex shedding does not occur. This is expected since the 2D flow of the NACA0015 at the same condition is stable. Increasing α to 14 • to 18 • , the tip vortex grows stronger, and the spanwise vortex shedding commences, with clear occurrence of the vortex dislocation. At α = 20 • and 22 • , three dimensionality enhances, as some small-scale vortical structures are revealed in addition to the spanwise vortex tubes. In summary, the increase of the angle of attack enhances the unsteadiness in the flow without altering the main features of the vortical structures.
B. Characterization of the tip vortex
Let us examine the characteristics of the tip vortex, which is a persistent occurrence among all the cases considered here. The contour of ω x at several streamwise locations behind the wing tip is shown in Fig. 7(a) . A contour line of ω x = −1.5 is also provided to aid the visualization of the tip vortex. A clear deformation of its shape, from the mango-like structure at the near wake of x = 2, to the ellipse at x = 4, and finally to the circular shape at x = 6, could be clearly seen. The change of shape is also accompanied by the gradual weakening of the intensity of ω x . In the near wake, the shape of the tip vortex is affected by the wing. As the tip vortex extends downstream, its strength decreases and its shape approaches to be circular. To evaluate the tip vortex strength quantitatively, the streamwise circulation Γ, defined as
where the integration is performed based on the contour of ω x = −1.5 on a y-z plane, is calculated by sweeping the streamwise location to assess the strength of tip vortex. The effect of aspect ratio on Γ is presented in Fig. 7(b) . A considerable increase in the tip vortex intensity could be observed when AR changes from 2 to 4, while the increase in Γ as AR increases 4 to 6 is not as significant. It is expected that the effect of aspect ratio on the tip vortex will saturate as AR keeps increasing. The effect of α on the intensity of tip vortex is shown in Fig. 7(c) . As the angle of attack increases from 12 • to 22 • , a steady increase in the tip vortex intensity could be seen. This agrees well with the flow visualization presented in Fig. 6 . The value of circulation decreases in the streamwise direction almost linearly, with the same rate shared by all the cases considered in this paper.
C. Spectral analysis of the wake probes
The particular case of α = 22 • and AR = 6 produces the richest flow phenomenon among the cases considered and is put to a spectral analysis in this section. Fig. 8 shows the time history and frequency spectrum of the velocity and lift coefficients. In Fig. 8(a) , the position of the velocity probes is set to be at x = 2, y = −0.3, z ∈ [0, 7], which is behind the trailing edge of the wing. For z ≥ 5, which corresponds to the region near the wing tip, the transverse velocity appears steady over time, suggesting the steadiness of the tip vortex. For 0 ≤ z ≤ 5, consistent vortex shedding is observed. Unlike in the 2-D case, where the vortices shed without variations in the spanwise direction, the current 3-D flow exhibits extensive vortex dislocation. The point of vortex dislocation marches periodically from z ≈ 2.5 towards the root, and ends at z ≈ 1. The velocity filaments, divided by the vortex dislocation, are predominantly aligned slantwise with respect to the z axis, except near z = 0 where the symmetry boundary condition is applied. By performing FFT to the velocity signals in each spanwise plane, the sectional frequency spectra could be obtained as in Fig. 8(b) . Two distinctive frequencies, with f 1 = 0.439 corresponding to the shedding at 0 < z < 3, and f 2 = 0.372 to 1 < z < 4.5, are unveiled. Both frequencies in the velocity spectrum also correlate well with the frequency content in the lift coefficient. With these two frequencies, the time history of C L exhibits beating, as shown in Fig. 8(c) . It is also clear from the the spectral analysis that the interaction vortices shed with the same frequency with the spanwise cell closer to it. This observation hints that the interaction vortices might be an integrated part of the spanwise shedding vortices.
D. Lift, drag coefficients and Strouhal numbers
The summary of the aerodynamic force coefficients obtained from all cases is presented in Fig. 9 . Owing to the tip effect, the lift and drag coefficients of the 3-D cases are generally lower than those of 2-D, and their differences grow larger with the increase of α. While C L and C D increase with the angle of attack for 2-and 3-D configurations alike, their lift-to-drag ratios both reach the maximum at α = 16 • . The values of C L /C D for the 3-D cases are lower than that of the 2-D cases, suggesting that the tip vortex decreases the aerodynamic performance of the wings. Aspect-ratio-wise, the increase in AR from 2 to 6 not only gives rise to larger lift and drag coefficients, but also enhances the aerodynamic performance (C L /C D ). This is expected since the higher the aspect ratio becomes, the less effect of the tip vortex is felt by the entire wing body.
It is also meaningful to analyze the lift coefficient from the viewpoint of spectral analysis. For the sake of clarity, the spectral energy in the 2-D cases has been scaled down to 1/10 of their original value. Except for the case of α = 12 • , where the flow is steady, the primary shedding frequencies in the 3-D cases are all smaller than those in 2-D. The dual-frequency shedding phenomenon, as has already been discussed in Fig. 8 , is also observed for the other angles of attack. However, with the decrease of α, the two lift peaks draw close to each other, until at α = 14 • the smaller peak becomes unrecognizable. On the other hand, at α = 22 • , with the decrease in AR, only one peak is seen. This single peak is located near the smaller shedding frequency of the case AR = 6, for which the region closer to the wing tip is responsible.
We note in passing that the side force (spanwise) coefficient C z is also calculated for all cases. It typically holds a value of 1 ∼ 2% of the drag coefficient, and is considered negligible in the current unswept cases. 
V. Conclusion
In this work, we have conducted numerical simulations to examine the three-dimensional wake dynamics of finite-aspect-ratio NACA0015 wings at a chord-based Reynolds number of 400. Our numerical approach was validated against the water tunnel experiment in part I [22] of this series of papers, and an independent flow solver used in part III [23] . In general, three major vortical structures, i.e., the tip vortex at the free end, the spanwise shedding vortices with vortex dislocaton near the root plane, and the interaction vortices in between, have been observed. The aspect ratio affects the topological complexity of the vortical structures, and the angle of attack affects unsteadiness of the wake flow without qualitatively altering the vortical structure. We then inspected these vortical structures in detail. The tip vortex strength, evaluated by the circulation, is largely affected by α and less affected by AR. Nevertheless, in all cases considered here, the tip vortex decay with the same rate. In the event of vortex dislocation, two distinct but spatially-overlapped frequencies were detected in the wake velocity signals. The cell closer to the root plane sheds with higher frequency. These two frequencies correlate well with those detected in the lift coefficient. As a result, the time history of the lift coefficient exhibit the beating phenomenon. The wake spectral analysis also revealed that the interaction vortices shed at the same frequency with the spanwise vortices. Based on the available data, aerodynamic performance was evaluated. The aerodynamic force coefficients increase with the angle of attack and aspect ratio, but fall short of those obtained from their analogous 2-D cases. The 3-D lift-to-drag ratio is also lower than the 2-D values, owing to the adverse effects from the wing tip.
